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Zeros of the Partition Function and Gaussian
Inequalities for the Plane Rotator Model
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The partition function for ferromagnetic plane rotators in a complex
external field w., with [Im p| < [Re p}, is bounded below in modulus by its
value at . = 0. The proof is based on complex combinations of duplicated
variables which are positive definite on a subgroup of the configuration
group. In the isotropic situation (and p. = 0), the associated ““ Gaussian
inequalities” imply that all truncated correlation functions decay at least
as the two-point function.
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1. INTRODUCTION
We consider a family of plane rotators, i.e., a family of random two-dimen-
sional unit vectors {S; = (S}, S;%):j = 1,..., N} with joint probability
distribution on (R?)":

N N N
Zyt exp{ Z (5SSt + J3S2S:%) + z qu’Sj}H 88,2 — 1) dS; (1)
k=1 i=1 i=1

where

Zy = Zy(#)j=1,....w)

N N N

=fexp{ Z (5SSt + J3S2Se) + Z !J'j'sj}n 882 — 1) ds;
ik=1 i=1 i=1

)

Models of physical interest may be obtained in a thermodynamic limit
N — o0, in situations where the pressure can be defined,

p((w))y) = lim N~*log Zy(ps)s=1....x)
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and depends only on bulk variables: asymptotically, it varies with (w,); only
when a finite fraction (i.e., proportional to N) of the w; are varied. In par-
ticular, the pressure is independent of “boundary conditions.” If, moreover,
we can replace p.; by g; + § for an arbitrary fraction of the sites j and have
the pressure analytic in § around § = 0, it follows that the correlation
functions averaged over this arbitrary fraction are also independent of
boundary conditions. All these partial averages presumably determine the
state of the system, which would then be unique. This motivates the study
of the analyticity of the pressure as a function of a nonuniform external
field (@;);. The problem is to find complex neighborhoods of (u);-; ..
which do not shrink to the reals as N — oo, where the partition function Z,
has no zeros.

This program was initiated by Lee and Yang® for the Ising model and
was continued for quantum spins by Asano‘® and Suzuki and Fisher.*?
This allowed a complicated approximation® to the plane rotator model which
implied analyticity of log Zy((®;);=1.....») in the variables (u;*);-;
in the region

,,,,,,,,,,

Reyu' >0, j=1..,N
provided
T2 < Tk, Jj ok =1,.,N,; pPeR, j=1,.,N

Using full analyticity in the large external field region, Frohlich™ then
proved analyticity in (u,'); and (u;%); in some complex neighborhood of

pit > 0, uteR vj 3

and also indicated a precise procedure to implement the program outlined
above (unicity of the state in the same region).

The present paper is first devoted to more direct proofs of analyticity
for the plane rotator model: without any approximation procedure, and
without appealing to large external field expansions, we shall prove a stronger
result, namely

[Z(()5=1....0| = Zx(0) 4)

for (w,);=1,...n belonging to an explicitly constructed complex region
(Theorems 1 and 2 below). The intersection of this region with the reals is,
however, a little smaller than (3).

Our second topic is the “ Gaussian inequality” for the same model, but
in the absence of an external field. Gaussian inequalities were first proven for
Ising spins by Newman®® as a consequence® of the Lee and Yang theorem.
In our framework, the same tools will provide at the same time the lower
bound (4) and a strong version of the Gaussian inequality, applicable to

2 This concerns a weak form of the inequality. Newman’s stronger results are based on
combinatorial methods.
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truncated correlations, such as that given by Bricmont.® These tools general-
ize previous work® on one-component classical ferromagnets: appropriate
-complex combinations of duplicated spin variables are shown to be positive
definite on (a subgroup of) the configuration group. All our results express
the fact that such combinations have a positive integral over the configuration
space.

If the lengths of the rotators are also random variables, the method does
not seem to be directly applicable and one has to appeal to a random walk
approximation.®

2. A LOWER BOUND ON THE MODULUS OF THE
COMPLEX PARTITION FUNCTION

Our method is restricted to two-body ferromagnetic couplings. To
simplify the formulation, we first consider the isotropic case:
Theorem 1. Let Zy((1,);) be given by (2) with

JYe=J%20 jk=1.,N
Let
x; = Re y;, y; = Im y;, j=1..,N
Let y,- be the image of y, under a rotation by =/2. Suppose that
(x; £ ¥) X £ ¥ 20, Lhk=1.,N (%)
Then
[Zy((e:):)] = Zy(0) (6)

Remarks. Theorem 1 implies analyticity of the pressure in a neighbor-
hood of a real external field (x;); provided

inf x;+x, > 0
ik

When all the real external fields x, point in the same direction, condition
(5) reads

lysl < [x] \Z

Proof. We introduce an independent copy (S;');-:,... .y With the same
probability distribution (1) for real (,);. When extending the partition func-
tion to complex external fields, we use (w,); for the original copy, and the
complex conjugate (@;*); for the primed copy. We then have

|Zx(@D)? = Zu(())Zx((15%)5)
= J.EXP{,ﬁ: Ji(S5+ 8 + S/+Si) + i (y°S; + f"'j*'sf‘,)}

N
x [ ] 8Ss2 — 1) dS; (S — 1) dSy’ )
i=1
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Clearly, the a priori measure is invariant under the action of
(0(2) x 0O(2)). We shall choose a particular subgroup and express the
integral (7) as the sum of the integrals over the orbits associated with the
action of this subgroup. In order to have a positive integral over each orbit,
we choose the subgroup so that the ferromagnetic interaction and the complex
linear part are both positive definite on it, for each orbit. More trivially, we
make the following change of variables:

S48/ cosapty = ose)(°F),  j=1..N
2 sin B3;
’ ®
S, - S/ . x . sin ; ,
—’—Tf— = (sin o)t;* = (sin ccj)(_c(yS /;j)’ j=1.,N

where f; and 1+ are orthogonal unit vectors associated with angles 8, and
B; — 1w, respectively. Rotation invariance gives the new a priori measure

8S7 — 1)dS,-8(S)? — 1)dS, — da; dB,

The direction 8; = 0 will now be chosen, the same for all j, but depending
on the external fields:

eS8y + ¥ S = 2(cos ep)x, - + 2i(sin o))y, E

= 2(cos ay)x, -, + 2i(sin )y, -

%, + ¥y + e7ux — vy

Under hypothesis (5), all the (x; + y/4), j = 1,..., N, lie in a given
quadrant, so that we may choose the origin 8 = 0 in such a way that

"

(x; + y;7)+t; = a;cos8 B; + by sin B;
(x; — ¥/ = ¢;cos B; + d;sin B;
with
a; = 0, b; = 0, ¢; 20, d >0, j=1.,N
In any case, the isotropic coupling terms will read
Jie(S;-S + 87 -5y) = Jji(eie ™% + e~ Het%)
x (cos B; cos By + sin B; sin B;)
Let us now write
cos B; = a;|cos By, o;=+1l€eZ,; j=1,.,N
sin B; = 74|sin By, n=x1€Z,; j=1,.,N

and look at orbits in configuration space obtained by the action of
(UQ) x Zy x Zy)¥ on the variable (&', o4, 7,);-1,... .n. The integral (7)

©®)
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restricted to every such trajectory is seen to be positive, being the integral of
a positive definite function. The bound (6) is obtained by expanding the
exponential of the external field and retaining only the first term: the others
are also positive definite and therefore give a positive contribution to the
integral. The sum over trajectories (i.e., over [cosf,|, |sinf,], j=1,.., N)
clearly does not affect the argument.

We shall now extend Theorem 1 to include the anisotropic case J},
J%.. Notice that the two-body interaction in (1) does not contain terms of
the form

IS S + 525D

If such terms were present, there would be for each bond (j, k) a unique
change of axes which eliminates these crossed terms and leads to

1 2
72

In the next theorem, we have to assume that the same choice of axes for
all bonds leads to this situation. In other words, the two-body interaction
favors the same direction throughout the system. The real external fields will
then be allowed to vary within =/4 from this direction.

Theorem 2. Let Z,((;);) be given by (2) with
Jh = &, Jk=1.,N

Let x;, y;, y;* be defined as in Theorem 1. Let J be the direction labeled by 1
in (2) and let J* be its image under a rotation by =/2. Suppose that

x+yHd+JH=0 j=1,.,N (10)
Then
iZN((p’j)j)| > Zy(0)

Proof. The proof is the same as that of Theorem 1, except that the choice
of the origin 8 = 0 is imposed by the anisotropy: the two-body interaction
will be positive definite on (U(1) x Z, x Z,)¥ if and only if B = =/4 cor-
responds to the dominant ferromagnetic direction J. We leave this easy cal-
culation to the reader.

Remark. As for one-component systems,® it is possible to prove lower
bounds also for correlation functions in a complex external field. The result
is simple only for one or two spins:

Re(S;t + S > [Im(S;* F S, (11)
Re(S;1S,! + S25,2 = 0 (12)

We cannot, however, bound such correlations by zero-field correlations,
as we did for the partition function.
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3. THE GAUSSIAN INEQUALITY

In the preceding section, we have given tools to prove analyticity in the
““positive™ external field region. The present section is mainly devoted to the
case of zero external field: the situation is very different, but the same tools
will provide a straightforward proof of a strong version of the ““Gaussian
inequality” (see Theorem 3 below). Note that this inequality has also been
proven by Bricmont,® using the negative correlations of different components
of a D-component spin (D = 1, 2, 3, 4). The case D = 1 is there considered
as a special case of D = 2 through a duplication. Results for D = 1 were
previously obtained by Lebowitz,® Feldman,® Spencer,*? and Newman.*®
In our framework, D = 1 is actually easier than D = 2, the conditions on the
individual spin distributions are those given in Ref. 3, and the results can be
read from Theorem 3 below by suppressing the upper index 1. On the other
hand, our method is at present not applicable to D = 3, 4.

For simplicity, we first give a theorem (D = 2) for the first component
only:

Theorem 3. Under the hypotheses of Theorem 2, for any family of
elements in {1,..., N} indexed by a finite set 4, let

(S = <H S>

= Z((w),) " f (H S,}a) exp{ i 1(J}kS,1S,C1 + J2%S25.2)

acd Jk=

N N
+ > u,-s,}ﬂ 8S2 — 1) dS; (13)
j=1 j=1

Suppose in addition that (), is real. Then:
(i) If |[4] = 2n,n = 2,

SH <=7 3 SISy < D> [ SES (14
Bca neP(A) {jy.iz}en
B+#&,A
{Bleven
where B = A4\B and 2(A) is the set of partitions of 4 into pairs (‘‘pairings”).
(11) If IAll = 2”1 and |A21 = 2”2,

(SHSEy — (SEX(SEY < 27m7nett S (SBSE(SSE,
BicAy:BycAg
1Byi,s|Bglodd

< > T] <sisp (15)
neP(A1;49) {J1,72}en
where B, = A4,\B,, B, = 4,\B,, and P(4,; 4,) is the set of pairings of
A, U A, where at least one pair intersects both 4; and A4,.
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Remarks. For isotropic interactions (J}, = J%,), the direction 1 may be
changed, depending on the external field (w,),;. If it vanishes, (u,); = 0, the
direction 1 becomes arbitrary and the inequalities above will hold for any
choice of the first component.

When (u,); = 0, Theorem 3 implies that the truncated correlations of
the first component decay at least as the two-point function of this component.
Using inequalities® between truncated correlations where the choice of
components is varied, the same result follows for all truncated correlations.

Proof. The second inequality in (i) can be obtained from the first by
induction over n, as was shown by Bricmont. The second inequality in (ii)
follows from the first and from (i) similarly. And the first part of (i) and (ii)
will follow from a lemma.:

.....

defined by (13) and
(Sp'Sety = {Sp"<{Sc*> (16)
Then, for any function ¢ from the index set 4 to {+1, —1}, we have
<H (eieanlézS’]éu + e—isan/4S;c]‘.z)> >0 a7
acA

Proof of the Lemma. As in the proof of Theorem 1, where 8 = #/4 is
now the direction labeled by 1, we write

[exp(ie,m/4)1Sk, + [exp(—iem/4)1SE,
= 2712[(S%, + S%) + iea(SE, — Si)]
= 271(cos oy )(cos By, + sin By,) + iex(sin o )(sin By, — cos By )]
= 27 1oy, [exp(—ie 0, )]|cOS By | + 277y [exp(ie o, )|sin By, | (18)

which is positive definite on (U(1) x Z, x Z,)¥. But we have already seen
that the Boltzmann factor is positive definite, so that the lemma just states
that the integral of a (product of) positive definite function is positive.

Proof of the Theorem. The first inequalities in (i) and (ii) are obtained
by summing (17) over appropriate choices of (e,)q... We begin with (i), which,
in duplicated form, is nothing but

z H (¢amtSE, + e—ieun/4s;ct)> >0 (19)

(adaca acd
€g=4mod8
acA
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Indeed, if we expand the product using definition (16), we obtain

> (S — (87
(eglaca
Jeq=4mod8

+ BZA {exp[i?1 (’JEZB € — ) Ee,,,)]}<S31><S’cl } =20 (20)
B# 2,4 €
Let us compute the numerical factors separately:

2, o33 3]

(Eadaea
£q = 4mod8

= 8§°* z S exp[i% (g € — 4)q] exp[i% (Z €& — ;eb:)]

(&q)g€A @=0

~ 8- qio(')q{exp[i%(q + 1)] + exp[—ig(q + 1)]}'3'

X {exp[ig(q - 1)] + exp[—i%(g - 1)]}”§I
2n-t —22-2  if |B|=2nor|Bl =0

=<0 if |B|odd 21
2n-1 if |B|even, |B|#0,2n
Inserting this result in (20) gives

—@ = DESD +HSEH) D (SetSEH 20

BecA
|Bleven, #0,2n
or

SH+EH < - D (SaHSD + SSE) (22)
iBlevB;u.J:,A# 0,2n
If we now suppose that (w,); is real, (22) becomes the first inequality in
(14). Similarly, to prove part (ii) of the theorem, we start from the lemma in
the following combination:

> < [T (oS, + e-feaﬂl4s;cl,,)> >0 (23
> &g=4%mod8
ATUAZ

€A1 VA

Azlz-:al - Azzsaz =0mod8
Again, we expand the product

.T
A Z aaz=4m°da BIZAl {exp[l 4 (81232 ° 51252 ebl)]}

1042 2 <Az
S €a1— § gaz=0mod8
A2

Al
x (83,5585 =0 @4
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and compute the numerical factors separately:

exp[i%( z € — ~z~ eb,)]

3  €g=4mod8 ByuUBy BiuB,

AluAZZ 4
€qq — €@, =0mods
a1 A2

_ . LT Byl
B 22(¢1+1’=§0;2.4,6 {l‘”"eXp[lz(q T 1)] " C-C-}
18]
X {exp[i:—;(q +p— 1)] + c.c.} ' )
T [Bgl
x ( Z iq*"{exp[iz(q —-p+ l)] + c.c.}
q-p=0,2,4,6
1Bzl
X {exp[i%(g —-p - 1)] + c.c.} 2)
+ 8-22{ }{ }
q+p=zl,3,5,'7 q—p=zl,3,5,7

—22m*2m,=3  if |B| = |By| =0or |By = |Bs| =0
2omt2n=8 if By = lgzl =0or|By = |B] =0 (25)
onytng—1 if lBll’ Ile odd

0 otherwise

Inserting this result in (24) gives the desired inequality in complex form
(under the hypotheses of Theorem 2):

(SiSiy + cc — (KSiXSiy +¢cc)

<2mmert S ((S3,83,(SE STy + o) (26)
By cAj;Bg<=Ag
{B1l,|Bylodd
The next-theorem deals with odd correlation functions, in the presence
of a “positive” external field. The inequalities will be weaker than the desired
Gaussian inequalities.
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Theorem 4. (Same hypotheses as Theorem 3.)
(iii) if |4] = 2n + 1,
(S <@ =7 S (SIS

BcA
B=g,4
< Sty [T <ShSk @7)
aged meP(A\{ap)) {J1.d}en

(iv) If |4,] = 2ny + 1, |45] = 2n,,
SLSHY — Si)<Shy

g 2 M Z <S%31S%32><S}§15%2>

By1cAyBa=dy

|Bglodd
< S S sy [T ShS o9
ageAj WAy meP(A1\{ag):4o\{agh) {i1,iz)en

Remark. An example for (27) is
SIS < SIHSIS) 4 (SHSIS) + (SIHSASE

whereas the relevant Gaussian inequality would be the GHS inequality, which
has been proven for Ising-like systems:

{oj0101) < 05007y + o) oj0)> + (o 0505 — 2{0,;{o,.){o})

So far as we know, the GHS inequality is the only proven odd Gaussian
inequality.

Proof of (iif)and (iv). We omit the calculations, which go like those in
the proof of Theorem 3. The respective starting points are

S <H (St + e-ffan/4s;ga)> >0 (29)
(€gdaca ac4

> €g=:*3mod8

aeA
< I‘I (eieunlésllca + eie“”/4S;cﬁ)> >0 (30)

(€a)acaquay acA;UBg

> €4 = +3mods8
QEALUAZ

1= 2, €aq=+1mods

z €
aleAly @ agedz

As already mentioned, one knows how to bound correlation functions
involving both components in terms of the correlation functions of the first
component, which in turn are controlled by Theorem 3. To illustrate the
present method, we shall, however, write down some inequalities for mixed
components which we can obtain directly.
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We look back at (8) and (9), where the direction 1 corresponds to
B = =/4. We see that a cone of positive-definite functions on U(1) x Z, x Z,
is generated by

eien/fiSJ_l + ne—ien/etsz + e—ien/éSg_l + neien/és}z (31)
withe = +1,9 = +1.

Therefore Lemma 1 can be strengthened, with obvious notations and the
same hypotheses, to the following:

Lemma 2. For any family of elementsin {1,..., N} indexed by a finite set
A, and for any function (¢, 7) from 4 to {+1, —1} x {+1, —1}, we have

[ ] (¢aSE, + nae™*am4S, + e~* ™S + naeifaﬂ/45;§)> >0 (32)
acd

Corollary. For any function € from A to{+1, — 1} and for any 4, C 4,
we have

< I I (e"ea”"iS;%u + e—ieanlégS;cla)l I (e~iean/4S%a + eieun/4S;Ci)>

aeA\dg acdy

n (eiean/4S}]‘.:a + e-isan/4S;c1a)> (33)
acd

Proof of the Corollary. Expand (32) in 4 = A; U A, and sum over 7
subject to 74, = [lsea, 7. = cst for the given A4,.

The corollary allows us to strengthen Theorem 3 to the following:

Theorem 5. Let (J, J%), =1,
Suppose in addition that (w,); is real. Let 4 = 4; U A4,, @ = 4; N 4,,
|4} = 2n. Then:

(NN B SHIC RIS N VAR > (83,853,555 53
By1cA1iBa< Ay
[ByuByleven, £0,2n

—(EH =27 > (SIS
]B]efe‘r:x:‘i;éo,zn

i |=<(SESE> + (2 =2t > (S5, S8.<5%, 5% 0
By cAqiBgs Ag
|B1UBgleven, # 0,20

—(SINSEY + @1 —2)7? > (83,53,¢(S%, 53>
B1<SA;iBa <=4y
|BjuwBgleven, #0,2n

yand (4,);=1,.. v be asin Theorem 2.

.....
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(i)

(ii")

Francois Dunlop

If |4,| is also even,

KS3,S5 — (SEOCSID + 27770 S (ShS3.(55.55)]
Bi<cA4y;BacAg
|By1,1Bglodd

< —dS + SISy + 27 S (S3,S3<SE, S5
B cAy;Bgc Ay
{B1l,1Bglodd

if | A45| is also even,

|=<S4,5%,> + (SISL, >+ 27 > (SE,53,(SE, 550
By cAy;Bac Ay
iB1l,1Bglodd

S(SM — (SISEy +27m 0 S (SE,SEN(SE SR
By < Ay;BacAg
{B11,|Bglodd

Proof. Given the corollary, the proof is identical to that of Theorem 3.

Remark. When (w;); = 0, Theorem S5 bounds the deviation from

Gaussian correlations for mixed components by an analogous deviation for
the first component.
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